Chaotic attractors at the bifurcation points of band mergings (or splittings), crises and saddle· node bifurcations have singular local structures which produce coherent large fluctuations of the coarse·grained local expansion rates of nearby orbits. Such local structures are studied in terms of a weighted average A(q), (-00< q< (0) of the coarse·grained local expansion rates along the local unstable manifold with a q·dependent weight. By taking invertible two·dimensional and noninverti· ble one·dimensional maps, it is shown that, as q is varied, A(q) exhibits discontinuous phase transi· tions at discrete values of q; qa, qp, .... Three types of such phase transitions are discussed. One is that caused by the homoc1inic tangencies with qa=2.0. The second is that due to the accumulation of homoc1inic tangency points at unstable periodic points with qp"'" -0.8. The third is that due to the intermittent hopping motions between two repellers with qT=LO. Different phases of the phase transitions represent different local structures. Thus the q-weighted average A(q) turns out to provide a useful means for characterizing singular local structures of chaotic attractors. § 1. Introduction
Chaos and turbulence are widely observed in nonlinear physical systems_i) Useful quantities for characterizing their structures have recently turned out to be given by the generalized dimensions D( q), ( -00 < q < 00) of multifractal structures and the singularity spectra f(a) of the natural invariant measures. 2 ), 3) The structures of chaotic attractors are built up by the expanding and folding processes of chaotic orbits, which may be described in terms of the local expansion rates of nearby orbits. Indeed, in the previous papers,4),S) we have shown thatD(q) and f(a) are closely related to a q-weighted average A(q) of the coarse-grained local expansion rates A along the local unstable manifold and the expansion-rate spectrum h(A). In addition, A(q) and h(A) have turned out to have important features which D(q) and f(a) do not have.
Since chaotic attractors are governed by deterministic laws, their structures, though look very complicated, contain order. The fractal dimension and the Liapunov exponents describe only their global scaling structures. Chaotic attractors, however, have various local structures. For instance, chaotic attractors are generally non-hyperbolic, and have local homoclinic tangency structures.
)
Bifurcations of chaos change the structures of chaotic attractors drastically, creating singular local orbital structures at the bifurcation points. These local structures produce coherent large fluctuations of the coarse-grained local expansion rates A around the positive Liapunovexponent. As pointed out in the previous paper,S) the q-weighted average A(q) and the expansion-rate spectrum h(A) are useful for describing these coherent large fluctuations.
In the present paper, we shall study such singular local structures at various bifurcation points, and show that they can be characterized by A(q) and h(A). Indeed it will be shown that, as q is varied, the q-weighted average A(q) exhibits discontinuous transitions at discrete values of q; qa, qp, "', and the q-weighted variance a(q)= -A'(q) diverges at these transition points. These transitions are caused hy the coherent large fluctuations which produce linear parts in h(A), and are called q-phase transitions. Different phases of the q-phase transitions represent different local structures of the chaotic attractors. In § 2 we introduce the dynamic structure functions (]In(q), An(q) and an(q)for the coarse-grained local expansion rates of chaotic orbits of length n along the local unstable manifold by using the thermodynamic formalism of chaotic dynamical systems,3),5),7H2) and discuss general features of the q-phase transitions. In § 3 we discuss a q-phase transition caused by the homoclinic tangencies. In § 4 we investigate q-phase transitions caused by the band mergings and crises. In § 5 we discuss an extension of the structure functions for describing the cycling motions of chaotic orbits among subbands in band chaos. The last section is devoted to a short summary and some remarks. § 2. Temporal c-oarse-graining and q-phase transitions
We shall study invertible 2d (i.e., two-dimensional) maps
where X t is the phase point of an orbit at time t in 2d phase space (x, y). Their typical examples are the Henon map13)
[
and the Lozi map14)
We shall also study the logistic map (2·4) which comes out from (2·2) in the limit where a(g) is the a-function of g and < ... > denotes the long time average
N-+oo t=O
(2'7)
We assume that the attractor is ergodic. Then, as n':"' oo , An(Xo) converges to a positive Liapunov exponent A'" which is independent of Xo for almost all values of Xo within the basin of attraction of the attractor. The limit n~OO must be taken after the limit N ~ 00 in ( 2· 7) is taken so that the fluctuations of An(Xo) around A'" can be extracted. Then a fluctuation spectrum ¢I(A) can be defined by20) As will be shown later, however, this Gaussian spectrum is invalid for coherent fluctuations in dynamical systems. The spectrum ¢I(A) is often used,ll),12),15),19) but the spectrum h(A)=A -¢I(A) is also often used in the thermodynamic formalism. 5 ),SH!) In the following, we shall mainly use ¢I(A). The importance of the weighted average as well as the temporal coarse graining was emphasized by Fujisaka 16 ) in order to describe the fluctuations of the local expansion rates. The q-weighted average can be introduced systematically by the thermodynamic formalism of dynamical systems.
3 ),5),7 H 2) Following this, we introduce the partition function
the temporal scaling exponent 10) and its derivatives
Since 
)
In terms of the probability density (2·6), we have
By computing P(A; n) numerically, we can obtain <l>n(q), An(q) and 6n(q) from these equations. These functions are called the dynamic structure functions since they describe the scaling structures of chaotic attractors. Inserting (2·8) into the integral (2·16) and taking the most dominant integrand with a value A(q) of A, we obtain 5 ),8H2),15)
As pointed out in the previous paper,5) for hyperbolic attractors, the potential <l>",(q) is related to the generalized entropies K(q) by <l>",(q )=(q -1)K(q ).8HI) This relation, however, does not hold for non-hyperbolicattractors which we shall be mainly concerned with in the present paper. The overall self-similarity of chaotic attractors is not assumed in the present case in contrast to the formalism for the singularity spectrum j(a) of the natural invariant measure,3) since we are interested in the singular local structures which have different features from the local structures in other places. As pointed out in the previous paper,5) the singular local structures of the logistic map (2·4), such as the extrema and the fixed points at the corners of the map and its higher iterates at certain values of a, bring about discontinuous phase transitions for A",(q), as schematically shown in Fig.l formally similar to the thermodynamic first-order phase transitions of ferromagnets in the diagram of the magnetization versus the magnetic field. Their order parameter is the coarse-grained local expansion rate A. It should be noted that the spatial correlations of spins and atoms lead to the thermodynamic phase transitions, whereas the time correlations of the local expansion rates lead to the q-phase transitions. In the present paper, we shall show that such q-phase transitions occur in the critical attractors at the bifurcation points of crises and band mergings (or splittings), and serve to characterize singular local structures of the critical attractors. The limit n -4 00 is called the temporal coarse-graining limit which is abbreviated as the TCG limit. Then the above can be summarized as follows. In the TCG limit n-4oo, 1) there exists a spectrum ¢(A) which is a non-negative concave function and takes the minimum zero at A=A=, 2) similarly, there exist definite functions rP=(q), A=(q) and Cf=(q) which are related to the spectrum ¢(A) by the variational principle (2·19), 3) singularities can appear for these functions so that q-phase transitions can occur for An(q) and Cfn(q) in this limit, as shown in Fig. 1 , 4) D(q) and f(a) are closely related to rPn(q) in this limit,4),5),15) so that, if A=(q) exhibits a q-phase transition, then D(q) and a(q) also exhibit a q-phase transition in 2d maps. It should be noted, however, that near the bifurcation point, there exists a characteristic time scale r which diverges as the bifurcation point is approached, and a finite n must be taken when we explore the critical region whe:re n<-. r. § 3. Homoclinic tangencies and qa-phase transitions
In this section, we shall study singular local structures near the homoclinic tangencies in terms of the dynamic structure functions rPn(q), An(q) and Cfn(q) given by
First let us consider the Lozi map (2·3) with a=1.7, b=O.5 which has a chaotic attract or. This attractor is hyperbolic.
Namely the local unstable and stable
.(a)
¢(A) (C) 0.7 0.6 0 manifold at Xm are transversal to each other for all Xm on the attractor so that the local expansion rates An(Xo) are positive for all Xo with Amin=0.583 and Amax=0.752. Hence no singular structures are produced along the unstable manifold. Knowing P(A; n) from (2'6), ¢(A) from (2·8) and using (2'16~18), we can determine the structure functions which are shown in Fig. 2 , where we have taken n=30 and N =3 x 10 6 in (2'7). It should be noted that, although 6n(q) has a peak at q~2.00, its peak value 6 n(q) is much smaller than An(q). Therefore, no q-phase transitions occur in this case. the stable manifold of X * at the homoclinic tangency points. 6 ). 15) Therefore the local expansion rates An(Xo) take negative values near the homoclinic tangency points, leading to Amin < 0, so that a small area element can locally be contracted along the unstable manifold. This produces singular local structures along the unstable manifold. Certainly the probability for An(Xo) to take negative values decreases exponentially with increasing n, so that A"'=A",(Xo) takes a positive value irrespective of the existence of the homoclinic tangencies. However, the dynamic structure functions contain the fluctuations of An(Xo) around A"', including negative values. These negative values give dominant contributions to the integrals of (2·16~ 18) for q > qa with qa > 1. In this way the dynamic structure functions characterize the homoclinic tangencies.
The dynamic structure functions of the Henon attractor are shown in Fig. 3 , where 6n(q) has a sharp peak at q=qa~1.9, indicating that a q-phase transition occurs at q=qa in the TCG limit n-HXJ . The crosses, +, in Fig. 3(a) represent the largestterm approximation (2·20) for finite n, and has a discontinuity at q=qa, indicating a transition of A",( q) from a positive value A 0 to a negative value A m1n at q = q a. Figure  3 (c) indicates that ¢(A) has a remarkable linear part on the left-hand side of the minimum, as pointed out by Grassberger et al. 15 ) This linear part leads to the q-phase transition in the following manner. Let s be the slope of the linear part. Then the potential of (2 ·19) takes the form (3·1)
for A"'> A~Amin, where C is a constant. As q is increased, the value A(q) of A which minimizes (3·1) changes from A(q)~AO for q<qa to A(q) = Amin for q>qa, leading to the q-phase transition at q=qa. For the homoclinic tangencies, we have s= -1, as will be shown in Appendix A, and hence qa=2.0.
Similar phase transitions occur for the Id logistic map (2·4). The extremum at X=O where f'(x)=O plays a similar role to the homoclinic tangencies, producing negative local expansion rates. Figure 4 shows An(q) and 6iq) for this map with a =1.85, and we see a q-phase transition at q=qa~1.7. The value of qa depends on the power z of the map around the extremum in the following manner:
We have z=2, qa=2 for the logistic map and z=4,qa=4/3 for the quartic map j(x) =I-ax 4 • § 4_ Band mergings (or splittings) and band crises
In the preceding section, we have studied singular local structures due to the homo clinic tangencies in terms of a q-phase transition. in the dynamic structure functions. The homoclinic tangencies are a universal property of chaos. Bifurcations such as the band mergings and the band crises are also universal phenomena of chaos. In this section we shall show that such bifurcations lead to singular local structures which bring about q-phase transitions in the structure functions.
First let us take the logistic map (2-4) with a=2.0, for which we analytically obtain 5 A(q) has two discontinuities at q=qa=2 and q=qp=O, and ¢(A) has two linear parts with slope Sa= -1 and sp=l, in contrast to the quadratic Gaussian spectrum. The generalized entropies are given by K(q)=log 2 for all q and do not show any anomaly . . The phase for q > qa is dominated by the orbits passing through the neighborhood of the extremal point x=O, as described in § 3. All periodic orbits except the fixed point x= -1 have the Liapunov exponent A"'=log 2, and the phase for qp< q< qa is governed by the normal orbits in the neighborhood of these normal periodic orbits. Finally the phase for q< qp is dominated by the orbits in the neighborhood of'the singular orbit x = -1 whose mean expansion rates are Amax= log 4. The qp-phase transitions from the normal phase with A(q)=A'" to the anomalous phase with A(q)=Amax are caused by the collision of the attractor with a more unstable periodic orbit with the mean expansion rate Amax. In the above example, when a is increased from a=1.85 to a=2.0, one band attractor with A"'=log 2 collides with the fixed point x = -1 with An(x = -1) = log 4at a =:= 2.0. From this point of view, a general expression for qp can be obtained, as will be shown in a separate paper.
)
The qp-phase transitions are thus universal phenomena and also occur at all the bifurcation points of the successive mergings of chaotic bands in the logistic map 2 fex) (2-4). As their example we take the critical attractor at ao=1.54369,22) where two chaotic bands merge into one chaotic band due to the collision with the fixed point x*. The second-iterated map at a=ao is similar to the map at a=2.0, as shown in Fig. 5(a) . Hence we may expect a qp-phase transition in addition to the qa-phase transition. at q=qa=2.0. Indeed, as shown in Fig. 6 , a sharp peak of 6 n (q) appears at q=qp ~ -0.40, indicating the qp-phase transition. Figure 6 (c) shows that ¢(A) has two remarkable linear parts on both the sides of the minimum. The qp-phase transitions are also observed just before the band crises. We take the three-band crisis at ac=1.79032 22 ) caused by the collision with period-three saddles, where the third-iterated map is similar to the map at a=2.0, as shown in Fig. 5(b) . 
¢I(A)
. Figs. 9(a), (b) , and the homoclinic tangency is shown in Fig. 9(c) . In (c), the attract or and the stable manifold of X * after the two-band merging are shown. The unstable manifold which coincides with the attractor is transverse to the stable manifold.
The results are shown in Fig. 7 . Thus a qp-phase transition occurs at q=qp::::::O.OO in addition to the qa-phase transition at q=qa=2.0. The band mergings and crises also occur in the Henon map (2·2). For instance the band merging of two bands into one band occurs at ao=1.15357 for b=O.3. Figure 8 shows the chaotic attractor and parts of the unstable and stable manifold of the fixed point X* for a=1.10357, a=ao and a=1.20357 with b=O.3. For a< ao, the attractor has two pieces shown by the broken lines in Fig. 8(a) . At a=ao, the two pieces stretch and coincide with the unstable manifold of X *. This unstable manifold becomes tangent to the stable manifold of X *, producing homoc1inic tangency points X o, Xl, X 2 , X 3 , "', as shown in Fig. 8(b) . These homoc1inic tangency points accumu- are the homo clinic tangency orbit shown in Fig. 8(b) . (a) is the magnification of a small region around X* in Fig. 8(b) , where we can see homoclinic tangency points X 4, X 5 , X s• (b) is the magnific~tion of a small region around X * in Fig. 9(a) , which is similar to Fig. 9(a) late at X *, as shown in Fig_ 9 . Then a singularity of the invariant probability measure occurs at X* along the unstable direction. The scaling exponent a l(X*) of the singularity is given by23}
),23)
where J is the Jacobian of this map with IJI < 1. This collision of the attractor with the fixed point X* produces a qp-phase transition. The orbits close enough to the homo clinic tangency orbit {Xi} are attracted toward X* along the stable manifold and then repelled from X * along the unstable manifold. Then the local expansion rates of the orbits are given by An(Xo)~A,,(X*) for finite n. As J=-b-'>O, the Henon map reduces to the logistic map (2-4). Then (4-3) and (4-5) reduce to al(x*)=1/2, qp(a=am)~1-c~0.1l2. § 5_ Cycling motions among subbands at band mergings We have found that the structure functions (JJn(q), An(q), 6 n(q) for the coarsegrained local expansion rates AiXo) exhibit q-phase transitions for singular local structures of chaotic attractors. We can construct similar functions for other physical observables, as will be shown in this section.
Chaos often has the cycling motions of chaotic orbits among subbands. How the band mergings and band crises can be characterized from this viewpoint of the cycling motions? In order to clarify this problem, we introduce new structure functions. Here we take the band mergings of the Lozi map (2-3) since its An(q) and 6 n(q) do not show any anomalies. The band merging of two chaotic bands into one chaotic band occurs at a=ao=1.5542 for b=O.5. For the second iterated maps (5-1) we consider time series {X2m}, (m=O, 1, 2, ... ) which behave quite differently for a>ao and a < ao, as shown in Fig. 11(a) .
In order to describe this property, we take X2m instead of Ih(xm) in (2) (3) (4) (5) and introduce 24 ) which leads to new structure functions For a<ao, ~iq) exhibits no q-phase transition, but, for a slightly larger thanao, 6 •. n (q) has a sharp peak at q=q.=1.0, as shown in Fig. 11(c) . This q.-phase transition is'understoodas follows. Let us remember that there exist two bands I and II, for a < ao. Then {X2m} are confined in either of bands I and II, and {~7!(Xo)} are distributed around their mean value ~t' or ~ll according to the initial point X o. For a slightly larger a than ao, {X2m} intermittently hop between the two bands I and II, in each of which the time series stay with a finite mean lifetime TK, (K=I, II). ¢(~Koo) is proportional to l/TK. Therefore, since TK~(a-ao),-1/2 ¢(~) becomes flat for 6°O:2:~:2:~1l as a~ao, so that we have slope s=O and hence q.=1.0. Indeed Fig. 11(c) shows that ~n(q) exhibits a discontinuous transition from ~l':' to ~ll at q=q.=1.0. A similar phase transition due to intermittency has been discussed by Uchimura et a1.
)
Thus we can construct the dynamic structure functions appropriate to phenomena of our interest, and describe various local structures of chaos in terms of the q-phase transitions. Chaotic attractors have various local structures, depending on their routes of onset and evolution, and their features explicitly reflect on the coarse-grained local expansion rates An(Xo) along the local unstable manifold. The mean value of An(Xo), which is equal to the positive Liapunov exponent Aoo, cannot describe such local structures. Therefore, studying the fluctuations of An(Xo) around AOO is very important. In particular, the critical attractors at the bifurcation points of chaos have sing]1lar local structures which produce coherent large fluctuations of An(Xo).
Indeed we have found that the expansion-rate spectrum ¢(A)=A -h(A), defined by (2·6) and (2·8), has remarkable linear parts of three types. One is a linear part with slope Sa = -1 for A 00 > A 2: Am1n with Am1n < 0, which is created by the extrema in.
Id maps and the homoc1inic, tangencies in 2d maps. The second is a linear part with a positive slope Sp for A 00 < As Amax, which is caused by the collision of the attractor with a more unstable periodic orbit S which gives the maximum Amax=Aoo(S). The third is a linear part with slope sr~O due to the intermittent hopping motions between two repellers, which will be studied for more interesting examples in separate papers. 21 ),25) These linear parts are quite different from the quadratic Gaussian spectrum, and represent the strong coherence of large fluctuations due to the. singular local structures.
In order to specify such coherent large fluctuations more clearly, we have used the q-weighted averages An(q) and the q-weighted variances 6n(q) so that q=l gives' ordinary averages, while q > 1 and q < 1 extract negative and positive large fluctuations, respectively. Then, as q is varied, the coherent large fluctuations result in discontinuous phase transitions of An(q) at certain values of q in the TCG limit n->OO. 6oo(q) diverges at the transition points. These transitions arise from the linear parts of ¢(A), and the transition points qt are related to their slopes St by qt = 1-St so that the above-mentioned three types lead to qa=2, qp=l-s p and q·r=1. Thus the scaling structure functions An(q) and 6n(q) characterize the singular local structures in terms of the q-phase transitions. From this viewpoint we have studied singular local structures of the critical attractors at the bifurcation points of the band mergings and band crises. Other types of bifurcations, such as the intermittency chaos and other types of crises, will be discussed in separate papers. 2 1),25),26)
As was summarized in § 2, this formalism for chaotic motions has been introduced similarly to statistical thermodynamics for thermal motions.
3 ),5),7H2) In particular, it has been important that the concept and the method of the q-phase transitions can be introduced in the TCG limit n -> 00 similarly to the thermodynamic phase transitions in the thermodynamic limit. Then the spectrum ¢(A) plays a similar role to the Landau free energy for the order parameter. Except for the qr-phase transitions, however, ¢(A) behaves quite differently from the Landau free energy.
As pointed out in the previous paper,5) the dynamic partition function (2'9) can be written as For expanding 1d maps f(x), this agrees with Takahashi and Oono's partition function,27) where l.ul~)I=lf(N)'(xp(N»I. For non-hyperbolic attractors, the essential difference of (6 ·1) from (6·2) comes from the fact that, since n < N, An(Xp (N» becomes negative for certain uncompleted periodic orbits whose length n is smaller than period N in contrast to AN(Xp (N» > O. Due to such uncompleted periodic orbits, the partition function (6 '1) becomes useful for describing the singular local structures of nonhyperbolic attractors.
The periodic-point representation (6'1) manifests the coherence of fluctuations in dynamical systems most clearly, and would give a useful means for studying the q-phase transitions from the orbital structures in phase space, which will be discussed elsewhere.
As was shown in the previous papers,4),5) for 2d maps, the potential non-hyperbolic attractors. This will be studied in a subsequent paper. factor IJln/exp{nAh} along el, where J is the Jacobian of map (2-2). Then the coarse-grained expansion rate An(X(E)) is given by (A-I)
On the other hand, since the measure along the unstable manifold has no singularities, the probability for an orbit to fall on a segment between X(E) and X(E+dE) is given by for Ah s;: A < A =. Thus we obtain a linear part with slope s =-l. 
